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Characterization and stabilization of the unstable fixed points
of a frequency doubled Nd:YAG laser
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We demonstrate the successful stabilization of type Il chaos of a multimode, intracavity frequency doubled,
diode-pumped Nd:YAGneodymium-doped yttrium aluminum garpéaser in experiment using an adaptive
proportional feedback control. The two orthogonal polarized infrared intensities are fed back to the injection
current of the pump diode. The stability properties of the stabilized unstable fixed points are investigated and
exploited to explain the performance of our control scheme and to determine suitable measurement signals for
the feedback control.
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I. INTRODUCTION OPF method 10] and an extensiofil1] of the method was

. . . erformed on rate equations for the intracavity frequenc
Intracavity frequency doubling of continuous wal@&W) goubled laser. q y 1req y

solid-state lasers is demonstrated to be an efficient method to gq far, the experimental stabilization of steady states in

transform the fundamental infrared laser radiation into vis{8 9] was only possible for type | chaos. The technically
ible radiation by the processes of second harmonic and sumore important case of type 1l chaos could not be stabilized.
frequency generation. Pumping these lasers with CW lasdn this paper we apply ime-continuouseedback control to
diodes allows a further improvement of second harmonicstabilize steady states also for type Il chaos. We take the
output power and efficiency. However, the multimode operainfrared intensityS; and split it up in the two infrared in-
tion of such lasers develops emission instabilities known aensitiesS, and S, each polarized in one of the orthogonal
the green probleni1]. These instabilities are due to the glo- e_lgenpolarlzatlon dlrectlons of the Iaser._ The controllc_ar con-
bal coupling of the fundamental modes through the sum freSIStS_Of two proportional elements applied to these intensi-
ties. The sum of the proportional elements is then fed back to

quency generation in the nonlinear crystal. Therefore the %%he injection current of the laser diode. This feedback strat-

currence of deterministic chaos is possible and is observed %by has been studied analytically and numericalljiiz] on
high pump levels. the rate equations of the laser.

The chaotic laser intensities were analyzedZj with Now, the main focus of our paper is not the feedback
respect to their nonlinear dynamics. Abarbagelal. ob-  oniro] jtself but the analysis that follows the stabilization of
served two general classes of chaotic behavior. They labelagle fixed points. We investigate the stability properties of the
the laser dynamictype | chaosvhen all infrared laser modes  fixed points we were able to stabilize. It turns out that the
are polarized parallel to each other. In this state the produGstable and unstable subspace of these fixed points obey gen-
tion of green light is small. For the second class of chaoticeral properties that become evident when the two intensities
behavior which they calletype Il chaosfundamental modes S, andS, are taken as measurement signals. The determina-
in both orthogonal eigenpolarization directionandy of the  tion of the unstable direction in th8,-S, plane reveals that
laser are present. In this latter case the production of greethe total infrared intensity,,= S+ S, is not well suited to
light is much stronger. Therefore type Il chaos is more rel-be used in a feedback control that again explains the failure
evant for technical applications than type | chaos. in [8,9] to stabilize type Il chaos. In addition, the determina-

There exist differenoptical solutions for the green prob- tion of the influence of the injection current on the location
lem, such as single frequency operation or external freef the fixed points shows that the injection current is very
quency doublingfor an overview se¢3]). However, these problematic to be used as control parameter. Furthermore,
solutions increase the complexity of the optical setup. A dif-the result of our analysis of the stability properties can be
ferent approach to suppress the undesired fluctuations wasploited to choose the proportionality factors of the feed-
proposed by Royet al. [4] applying an electronic feedback back loop.
control to the injection current of the pump diode. They Our paper is organized as follows. In the next section the
implement the occasional proportional feedbad®PH  experimental setup is described. In Sec. |1l the feedback con-
method[5] that is related6] to the well-known Ott-Grebogi- trol is presented. In the main Sec. IV we characterize in
Yorke approach7] for controlling chaos. Both methods con- detail the stability properties of the steady-state solutions and
sist of applyingtime-discretefeedback control to stabilize give the resulting consequences for suitable measurement
unstable periodic orbits lying in a chaotic attractor. Feedingyuantities for a feedback control approach. In Sec. V the
the total infrared intensit§p,; back to the injection current of choice of the proportionality factors of the feedback loop is
the pump diode, Rowt al. succeeded in stabilizing periodic described. Two methods are presented. One is based on the
orbits starting from chaotic fluctuations belonging to class l.results of Sec. IV, the second one uses the simulated anneal-
In [8,9] the same method was applied to stabilize steadying optimization. Finally in Sec. VI we summarize and high-
state solutions, too. Moreover, numerical simulations of thdight some conclusions.

1063-651X/2001/6(%)/05621@12)/$20.00 63 056210-1 ©2001 The American Physical Society



A. SCHENCK zu SCHWEINSBERG AND U. DRESSLER

output  dichroic polarizing
coupler  mirror beamsplitter
GRIN
1 % 1064 nm K14
[
fibre Nd:YAG KTP
532 nm
GRIN
laser diode ® 'L_l>’§|7 :7
Py (1) +3p(1)
Sy(1) Sy(1)
[ =
biasEI<—<}— DSP
o) AD
p(
laser diode feedback
controller parameters
A
Adaption
and

PC AD

Tracking rules

RS232 - serial port

FIG. 1. Experimental setup. The Nd:YAG crystal is end-
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doubled(green beam is reflected and is detected by a pho-
todiode with amplifier. The correspondig intensity is called
G(t). Using a polarizing beamsplitter the transmitted infra-
red beam at 1064 nm is subsequently divided into two or-
thogonal polarized waves corresponding to the two eigenpo-
larization directionsx andy. Both infrared intensitie§,(t)
andS(t) are detected by photodiodes and amplified.

The lasing threshold of the Nd:YAG laser was obtained at
40 mW pump powePy,, of the laser diode corresponding to
an injection current of about 700 mA. From the physical
point of view it is more interesting to look at the pump rate
r=P/Py,. For our system we have found, that the relation

0.015

rwmp—Q.S (1)

between the pump rateand the injection currerg is a good
approximation.

In order to stabilize the laser the output voltages of the
amplifiers that correspond to the intensitlggt) and S(t)
are sampled using two analog digit&lD) converters with a
resolution of 12 bit. The 40-MHz digital signal processor

pumped by a laser diode. The spherical output coupler is highl)(DSP) calculates the control signap(t) as a function of the

reflecting at the fundamental wavelength and transmitting at th
frequency doubled wavelength. The dichroic mirror reflects the fre
quency doubled and transmits the fundamental beam. Using a p
larizing beamsplitter the latter one is divided into two orthogonal
polarized waves that are separately detected and sampled by t
AD converters of a digital signal process@SP board. The DSP

calculates an appropriate control signal that is transmitted via a D
converter to a bias tee. Via this bias tee, the amplified control sign

Sampled intensities, (t) and S,(t). The 12-bit digital ana-
log (DA) converter has as output a voltage proportional to
he control signabp that modulates the injection currepg

of the pump diode via a bias tee with a low-pass frequency of
0 Hz.

A The realization of the feedback using a DSP and AD/DA
gonverters has the advantage that different control methods

modulates the current of the pump diode supplied by the laser diodg@n be tested with only little effort. But the drawback of this
controller. In order to adapt the parameter of the DSP controller, @ppro_ach Is a time Iag of the OUtpUt.Of the control signal
personal computer observes the intensities using a data aquisitid@sulting from conversion and calculation time. In our setup

board with two AD converters.

Il. EXPERIMENTAL SETUP

the time lag is around 3cs and therefore small in compari-
son with the typical frequencies of the output intensities that
are on the order of 30 kHz.

To observe the evolution of the intensities during control,

Our studies have been performed with the intracavitytwo additional AD converters triggered by a personal com-

doubled Nd:YAG (neodymium-doped yttrium aluminum
garnel laser shown in Fig. 1. The Nd:YAG crystal is
pumped by a laser diode emitting at808 nm. The diver-
gent pump beam is focused into a fiber by a GRéjxadient
indeX lens, a second GRIN lens on the opposite of the fibe
focuses the pump beam into the cylindrical YAG rod. The
flat front face of the Nd:YAG crystal is highly reflecting at
the fundamental1064 nm and frequency-double@®32 nm

wavelength and highly transmitting at the pump wavelength

puter are used. They are necessary to adapt the parameters of
the feedback control to drifting system parameters as dis-
cribed in Sec. V.

r
Ill. THE ADAPTIVE CONTROL METHOD

We have tested different control strategies like the OPF
control [5], (extendedl time delayed autosynchronization
13,14, or simple proportional feedback control. The latter

The output coupler has a 500 mm radius of curvature and igne which we present in EQR) has shown the best results in
transmitting at the doubled frequency and reflectig ( stabilizing and adapting the control to drifting system param-
>99.8%) at the fundamental. The laser cavity of length 10Qxters. So, we restrict ourself in this paper to the following

mm contains a nonlinear KTotassium titanyl phosphate

control method.

crystal that serves as frequency doubling element. It is anti- Tq stabilize an unstable fixed point we use proportional

fringence of the type Il phase matched KTP crystal eac

that we feed back to the injection currgmbf the pump

cavity mode exists in one of two orthogonal eigenpolarizajode, i.e.,

tion directions that we labed andy direction.
A dichroic mirror is placed behind the output coupler to

separate the radiation at 532 nm and 1064 nm. The frequency

Sp(t) =k S(t) = S +k,[S,(1) — 1, )
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time ¢ [ms] erages(S,(t)) and(S(t)) of the uncontrolled system. The histo-

o ] ) gram has been calculated from the measurements of 58 unstable
FIG. 2. Stabilization of the laser in a chaotic state. The measurefixed points that could be stabilized at pump ratewith 1.9<r

ment signalS; and the control signabp shows the start of the <4
control and the stabilization of a fixed point.
can be approximated by low-pass filters work well and are
with S} and ) being the intensities corresponding to the much more simple to implement.
unstable steady state to be stabilized.

As the position of the unstable fixed point is usually not IV. CHARACTERIZATION OF THE STABILITY
known, we have four unknown parameters in the control PROPERTIES OF THE STABILIZED
formula, namelyS), S) andk,, k, . Our ansatz for estimat- UNSTABLE EIXED POINTS

ing the positions’=(S],S)) of the fixed point is
r In this section we describe the properties of the unstable
0 _ _ steady-state solutions of the Nd:YAG laser. The implications
SX’W(SX’V(W_ TL_TSX’V(S)dS’ © of this investigation will affect the understanding of the con-
trol performance, i.e., when a stabilization can be achieved
i.e., we do a moving average of the intensities that is roughlyand how it should be done, e.g., which measurement signals
the same as a low-pass filter. This approach can be viewed ghould be fed back and which control parameters are appro-
an automatic search of the steady-state vaﬁieands‘y’. In priate. All results are obtained from the experiment looking
Fig. 2 the stabilization of an unstable fixed point using theat the behavior of the laser close to the unstable fixed point.
control formula(2) is shown. So the reported results concerning the stability properties of
In our experiment, it turns out that E@) is indeed a very the fixed points, their location and so on refer only to un-
good approximation of the location of the unstable fixedstable fixed points that could be stabilized. The characteriza-
points. To quantify the difference between the avera@gs tion of the unstable fixed points that could not be stabilized
of the uncontrolled system and the steady-state vaijes)  could not be done.
obtained after stabilization we use the relative error

072 072
E= VIS -S4 THSM)S)] ) (4) In order to describe the control performance the influence
StoOt of the control parametgy on the laser system is important.
For this purpose the effect of small changespobn the
In Fig. 3 a histogram ofE calculated from 58 stabilized |ocation of the fixed point in the state space used for observ-
unstable fixed points is shown. We observe that in mosing the system is crucidl7,17] for feedback control with
cases the averagé8) of the uncontrolled system estimate small disturbances. As our observation space used for control

amazingly well the intensities of the steady-state solutionn gq. (2) is (S¢,Sy) the quantity of special interest in our
after stabilization. This fact was already describedi@hfor  case is

the total infrared intensity. 1n9] the average of the total

infrared intensity was applied as reference level in the OPF 90
method to stabilize the steady-state solution of a frequency 9= %’
doubled Nd:YAG laser.

We note that we also have tried to estimate the position ofvhich describes the displacement of the unstable fixed point
the unstable fixed point by analyzing chaotic time series ofn the S-S, plane under small changes of the control param-
the laser intensities. The well-known method of recurrencester. To determing in our experiment we stabilized a fixed
points[15,16 was applied in a reconstructed state space, bupoint at some injection curremd, using Eg.(2). Then we
without satisfactory results. The moving averag8s that  raisedp, for a short time byAp, [see Fig. 4b)]. If Apg is

A. Influence of the control parameter
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(b) FIG. 5. A typical behavior of the intensitieS, and S, of a
steady state is shown when the injection current is raised from 760
__ mA to 772 mA for a long time period. The same initial steady state
» — as in Fig. 4a) is used.
0 m

This short-time behavior has to be destinguished from the
case that the injection current is changed for a longer time
10 period (see Fig. 5. In this case due to thermal effects it can
happen that after a transient time some laser modes are
damped although the injection current has been increased. In
Fig. 5 we show starting from the same stable steady state as
0 L N in Fig. 4@ the behavior ofS, and S, when the injection

s 5 —_ R 5 current is raised for a longer time. As can be seen at the
0° 10° 20° 30° 40° 50 A . ; I
beginning the same short-time behavior occurrs as in Fig.
angle .~ (8%, g) 4(a) but after about 2 sec thermal effects become valid and
FIG. 4. Influence of the control parameterin (a) the intensi- the intensities go to another final stable steady state. There-

ties S,(t) and Sy(t) are shown when the pump current is raised fo_re, for the deFermlnatlon of _used for feedback control

from 760 mA to 772 mA for a short timé ms; (b) histogram of with small, CQntlnuously (?hanglng contr_ol parame'_galh_as .

the angle between the vectst and the corresponding displacement to be determined evaluating the short-time behavior in Fig.

vector g (calculated from the measurements of 59 different stable a). . . . .

and unstable fixed points with pump ratebetween 1.8r<4). Slowly increasing the injection current leads in general to
large variations of the relation & andS) . To quantify this

not chosen too big the feedback loop still stabilizes therelation we use the angle betweenS® and theS, axis [see

steady state. If the control signal continues to have zerdrig. 8@ for visualizatior] defined by

mean the new position of the unstable fixed pointpgt

+Apg can directly be measured. Due to the low-pass prop- S‘y)

Ry

relative frequency in %

erty of the bias tee this is allways the case in our experiment. a=arcta (5)
Thusg can be approximated by

_ S%(po+Apo) —S°(Po) This angle will play a major role in the characterization of

Apg ' the stability of the fixed point and our ability to stabilize it.
In Fig. 6(a) the change of the angle is plotted against the
For stable fixed pointg is calculated in the same way. But slowly increasing injection current. Depending on the posi-
here of course no stabilization is needed. tion of the KTP crystal the outcome of this experiment can
The short lasting raise of the injection current leads in firsfiook totally different. But typical is thaix does not stay

approximation to an amplification of each laser mode. Thereconstant but changes remarkably over a whole range while
fore one can expect that the displacement vegtand the  the total intensitysy, raises almost linearly with the injection
fixed-point vectorS® are almost parallel. In Fig. 4 the histo- current[see Fig. &)].
gram of the angle betwee8’ and g calculated from the
measurements of 59 stable and stabilized unstable fixed L
points is shown. As can be seen there are angles that exceed B. The unstable direction
0° by far, but most of the observed angles are less than 10°. In the laser system the stable steady state usually loses its
Therefore in most cases the directionsSfandg are very  stability due to a Hopf bifurcation. Therefore it is expected
similar. that the unstable subspace is at least two dimensional and the
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FIG. 6. Typical behavior of the steady-state position during in- o o
creasing the injection current from 730 mA to 830 ma) angle FIG. 7. Determination of the unstable direction. (& and (b)
a=arctafS)(S) as function of the injection currerfiy; (b) the  the typical behavior 08,(t), S(t), andS(t) is shown after hav-
corresponding total intensitg),~(S,y of the steady state. ing stopped the stabilizing control signa@heasurements taken at

r=1.9). The dotted line irfb) corresponds t&,, being constant.

unstable eigenvalues are complex so that the unstable behaye 48 fixed points by calculating the singular valugsand
ior can be linearly described by the trajectory spiraling awayy, of the matrix

from the fixed point.

Now, the determination of the unstable direction is done 0S,(ty)  0S(ty)
by stab|l_|2|ng a fixed point and observing the behavior of the 5S(t)  8S,(t)
system just after the control has been stopped. ) i

In Fig. 7(a) the resulting behavior o,(t), S,(t) and : :
Sioi(t) = Si(t) +Sy(t) is plotted as a function of time. The O0S(tn)  IS(tn)
increasing oscillations are clearly visible 8(t) and S(t)
but hardly inSe(t). This fact becomes also evident in the with 8S,(t)=S,(t)—S? and §S,(t)=S,(t)—S). The time
S,-Sy plane in Fig. Th). The dotted line there coresponds to ty has to be chosen not too large so that one stays in the
a constant total intensity. linear regime. In the experiment the average of the 48 values

This behavior seen in Fig. 7 is typical of the unstableof w,/w; yielded
fixed points of the laser. It has been observed for 48 fixed
50|nt§ (see Fig. 8 at different posmoons |£1 th(SX—Sy' plane <Vﬁ> ~0.066+0.025.

escribed by the angle (5), a<[9°,81°], and different Wy
pump ratesi(e[1.9,4]). In Fig. 8a) the behavior after stop-
ping control is schematically visualized. In ti%-S, plane  So, indeed, the projection of the unstable subspace in the
the trajectory performs an elliptical spiral with principal axes S,-S, plane is quasi-one-dimensional. Furthermore the direc-
of lengthw,; andw,. The relation of the length of these axes tion of this projection was found to be almost independent of
w,/w; is very small such that the projection of the unstablethe position of the fixed point given hy and the pump rate
subspace into the5,-S, plane seems to be quasi-one-r. To describe this direction we use the anglgsee Fig.
dimensional. The quotient, /w; has been determined for 8(a)] between the5, axis and the main axis of the spiraling

(6)
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FIG. 8. Determination of the unstable direction.(&) the typi- 0 (e -7 , , .
cal behavior of destabilization of an unstable fixed point is sche- 0 5 10 15
matically described and the definitions wf ,w, and the angley
anda is are presented. Ifib) the histogram of the angle is shown. b) intensity S,

It has been calculated from the measurements of 48 unstable fixed
points withr €[1.9,4] anda e[9°,81°]. FIG. 9. Behavior ofS, andS, starting close to the stable sub-

space of a fixed pointa) S, andS, with respect to time(b) The

trajectory. For its determination again the singular value de¢Orresponding trajectories in tt-S, plane. The dotted lines in-

composition of the matrix6) is used.y can be calculated ?iscgatgs)t[:e direction that is defined by the corresponding fixed point
from "~y

C. The stable direction

x=arcco$(1,0)-v,] () Since the feedback control generally influences not only
the unstable directions but also the stable direction one has to
determine the stable subspace from the observation of the
uncontrolled system. Normally, the unstable subspace influ-
ences the dynamics in the vicinity of an unstable fixed point
so much, that the stable dynamics is hardly observable. To
observe the dynamics in the stable subspace the initial point
(x)~(137.3:5.5)°. has to be very close to the stable manifold and at the same
time not too close to the fixed point in order to obtain mea-
surable deviations. In Fig.(8 the behaviors of the intensi-

In Fig. 8(b) the histogram of the anglg is shown. For ties S(t) and S,(t) starting from such an initial point are
x=135° andw,/w;=0 the projection of the unstable sub- shown. First the oscillation amplitudes decrease due to the
space in theS,-S; plane would be exactly one dimensional influence of the stable direction. After a short time period the
and such that changes in the unstable subspace would namplitudes increase caused by the unstable dynamics. The
affect So= S+ S, [see for comparison Fig.(@]. The ob-  frequency of the increasing oscillations is clearly different
served behavior for 48 fixed points shows that this scenarierom the decreasing oscillations.
is a quite good description of the typical property of the To observe this behavior shown in Fig. 9 we applied the
unstable direction. This means that when a fixed point destasontrol signal(2) using large feedback parametégsandk,
bilizes, Sio=Sc+ S, remains almost constant. Theref@g,  near the margin of the stability regime. Doing so we were
is not a suitable input for the feedback control as the destaable to stabilize periodic behavior with small amplitudes
bilization cannot be observed wi,;. near the unstable fixed point. After switching off the control,

with v; being the singular vector belonging to the largest
singular valuew;. For the 48 fixed points this determination
gives an averaged value
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fixed points the averaged green intensit{€(t)) (O) of the un-
controlled laser are lower than the corresponding steady-state inten-
sities. The dashed line is calculated from HE§) using a fitted

factorv.

uct of the infrared intensitie§,(t) and S(t). The intensities are

measured at the pump rate= 2.5.

be observed. In Fig.(®) four examples are shown in the
S-Sy plane. The dotted lines indicate the direction defined

by the corresponding fixed poing},S)).

the S-S, plane is quasi-one-dimensional. In contrast to the,
projection of the unstable subspace the projection of th oint G°
stable subspace depends on the position of the fixed point.{
seems to be approximately parallel to the vec&f,8)).

D. The green intensity

Here we investigate whether the green inten§ft) is

the green intensit° of the unstable fixed point. This is an

) ) ] ) ) immediate consequence of E®). In general it holds
first the stable direction and then the unstable direction could

GO~ p(Su(1))(S,(1)) # p(SK(1) Sy (1)) ~(G(1)).

X ! ) / For our laser system where typically only one intensitjt)
Th's. plot gives rise to the assumption that the st_able SUbc')r S,(t) is clearly different from zero at an arbitrary tinte

fSee Fig. 10 one can conclude that the average intensity
G(t)) is smaller than the intensity of the unstable fixed-
. This can be verified in the experiment. In Fig. 11
he green intensit° of the steady state is shown in depen-
dence of the anglex for a fixed pump rater=2.2. The

different anglesy are obtained by positioning the KTP crys-
tal differently. For the anglesx<30° and a>75° only

stable steady states could be observed at this pump rate. In

able to observe the dynamics of the laser in the unstablBliS region states in between periodic and chaotic states
subspace of the fixed points. First we note, that the greefould be found. In this region the averaged green intensity
intensityG(t) is related to the product of the two orthogonal (G(t)) of these states is lower than the green interGityof

polarized infrared intensitieS,(t) andS(t). In Fig. 10 the
similarity of G(t) andS,(t) S,(t) is obvious. So we make the

approximation

[18] also support this ansatz. This is somewhat in contrast to
the experimental observation [ih9], that the green intensity
is proportional to the sum d§, andS,. This could not be
observed in our experiment. Here, E8) holds very well as
first approximation although it deteriorates when the pumd:
rate is increased. Then more terms in E8). have to be

considered.

An important difference between the green intensity and™ 135°.

G()~uS,(DS,(1)

the stabilized unstable fixed point. Therefore stabilizing the
laser system leads here to increasing the green output of the
frequency doubled Nd:YAG laser.

Now we come to the question, whether the green intensity
(8) is well suited to observe the unstable direction of the fixed
point. To this end we must look at the behavior®fin the
with some proportionality factar. The type Il phase match- neighborhood of the fixed point, i.e., 4G(t) =G(t) — G°.
ing of the KTP crystal makes E8) plausible as the phase In linear approximation arounds{ ,S‘y))tr the quantitysG(t)
matching is done such that the orthogonal polarized infraredan be calculated from E@8) as
modes interfere in an optimal way. The model equations in

the infrared intensity is that the moving average of the un-
controlled system does not give an estimate of the value of

056210-7
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8G(t)~v(S)—S) 3S,(1)
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ollowing the results of our stability analysis in Sec. IV B
for the unstable direction the approximatioaS(t)
~—§8S,(t) holds [see Fig. 8)] that corresponds togy
Inserting this in Eq(9) yields
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FIG. 13. For 30 fixed points at pump rates 1<4<4.1
o .”42 val{é(t)]/var[Aé(t)] is plotted versugx as a measure of how well
~ 02 the unstable direction can be observant using the green intensity.
<
02 E ! 20t G(t) 1
lt 1.0 oo
e
05 t ' As the intensitiesS,(t) and S(t) oscillate almost in an-
0 200 400 tiphase in the unstable subspace the quantiB(t)=S,(t)
time 7 [us] —~Sy(t) is well suited to observe the unstable direction.
In order to measure the unstable direction in the experi-
=70 ment the same procedure as described in Sec. IV B would be
10 F ' _natural, i.e., measuring,(t), Sy_(t), andG(t).just after hav—. '
= 0.8 . ing stopped the control. But with our experimental setup it is
12 ' {\/\/\/ not possible to observe three measurement signal in the con-
06 . trol modus. Therefore we chose the following approach. By
1.5 / properly positioning the KTP crystal and the pump natee
IS 10 ] found 30 fixed points just after they had gone through a Hopf
O bifurcation. At this point the laser fulfills small periodic os-
0.5 t ! cillations in the unstable subspace. In Fig. 12 two of these
0 200 400 measurements are shown. One measurement was taken for a
) fixed point witha about 42° and the other with about 7°.
time # [us] As expected from Eq(9) for a~42° the unstable direction

cannot be observed very well with the green intensity while
for a~7° the unstable direction is clearly visible in the os-
cillations of the green intensity.

In Fig. 13 the results for the 30 fixed points are summa-
rized in one plot. As a measure for quantifying how well the
fluctuations in the unstable directions can be observed
when the system destabilizes along the unstable directiowith the green intensity compared taS we chose
Therefore, in this case fd)=S; («=45°), we do not ex- vafG(t)]/vafAS(t)]. This quantity is shown in Fig. 13
pect to see large fluctuations of the green intensity. The amyersusa. From this plot it is obvious that for~45° the
plitude of the fluctuations should be maximal #8}=0 or  green intensity is not a good quantity to be used in a feed-

=0, i.e., fora=90° ora=0° respectively. back loop as the dynamics in the unstable direction does

To check this in the laser experiment, measurements at 3@ardly affect the green intensity.
different fixed points have been performed for pump rates
1.74<r=<4.1. As the range of the measured intensities are
quite different we use in the following the normalized quan-

FIG. 12. Visibility of the unstable direction using the green
intensity. The normalized infrared intensitiasS(t) =S,(t) —Sy(t)
of two unstable fixed pointsa(=7°, r=4.0 anda~42°, r=1.9)

are compared with the normalized green intengiit). In both
cases the laser fulfills small oscillations in the unstable subspace

E. Summary and consequences for the control method

tities: First of all, we found that the infrared steady-state inten-
sities that are essential for the feedback form@acan be
B ()= Sd(t) (10) approximated by the averaged intensities of the uncontrolled
(Sier(1))’ system. This can be realized by simple low-pass filters. Sec-

ond, we found general features for the stability properties of
the fixed points we were able to stabilize. So, we observed
that both the stable and unstable subspace of the fixed point

= S

S,(H)= S (11

056210-8
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(2 show that it is impossible to stabilize a fixed point WEﬁ
4l = ' w4 =S§), i.e., a=45° using the pump rate as control parameter
[20].
N In [20] we numerically investigated the properties of the
° ** *o* unstable fixed points for 1710 different laser configurations
ED S o+ ] where up to 20 laser modes and pump rates up to 10 were
= wF . s & used. All the observations made in the experiment could be
5 S confirmed. For the projection of the unstable direction in the
T p eE T w T S,-S, plane these investigations yielded
~(135+0.07)°
0° 45° 90° o= K
angle o of the fixed point and
® W,
' ' —)~0.03+0.017.
Wy
0.02 | * .
For the stable direction one obtained
o * *
t *
3 —a)~(0x0.37°,
2 oo | + ] (B=a)~( U
# whereg is the angle enclosed by the stable direction and the
o+ 4 S, axis. In this numerical analysis we also determined the
0.00 . . relation w, /w; of the length of the principal axes for the
0° 15° 230° 45° stable direction. We obtained as averaged value
[ o -45°] W
o ) —)~0.0125+0.0054.
FIG. 14. In(a) the pump rates of 59 stabilized unstable fixed Wy

points vs the angle of the fixed points are shown. For these fixed

points the eigenvalues of the linearization of the flow have been Also the influence of the control parametén the ODE
calculated. In(b) the maximal value of the real parts of these ei- the pump ratgis similar as in the laser experiment. The
genvalues found for each is plotted vs|a«—45°|. Itis visible that  investigation in the model equations gave

the fixed points that could be stabilized near 45° are not very un-

stable. (L(g,so)>=<arctaﬁg—y—a>~(0i0.2&°,

have quasi-one-dimensional projections in 8eS, plane. ] o ) )
For the characterization of the fixed point the angle Which means that the injection current influences mainly the

=arctan@)/S)) proved to be very helpful. The unstable di- dynamics of the stable subspace
rection is independent of the angle and is approximately

given by the vector (1 1)" in the 6S,-5S, plane. An im- V. CHOICE OF THE FEEDBACK PARAMETERS
mediate consequence is that the total infrared interSitys kx AND ky

not a suitable measurement signal for control. This explains

why type 1l chaos could not be stabilized [i8,9] because In order to automatically determine suitable parameters

there S, was used as input for the OPF control method. Inandk, of the feedback lood2) and to adapt them during
contrast to the unstable direction we found that the stableontrol we first define a measure for the performance of the
direction is almost parallel to the fixed-point vec®yrand is  feedback control. We call this measure the cost function of
given by a. our control method.

The displacement vectay which is a measure of the in- We distinguish two cases for choosing the feedback pa-
fluence of the control parameter is also paralleBjowhen  rametersk, andk,. When starting to control a fixed point
the injection current is used as control parameter. As thene has to find the region in thg-k, plane where most
control should ideally only influence the dynamics of theprobably the feedback loop will be able to stabilize the fixed
unstable direction, the injection current is not appropriate fopoint. This we do taking into account what we have learned
control because the angle betwagand the stable direction about the stability directions of the fixed points. The second
is very small. case refers to the adaptation of the parameters during control

We could not stabilize the laser for high pump rates usingvhich is always necessary because of drifting parameters of
the injection current as control parameter, and especially fothe laser experiment that reflects the tendency of the laser to
a=45° it was even more difficulisee Fig. 14if not impos-  behave instationarily. For the slight adaptation of the param-
sible to achieve a stabilization. For the ordinary differentialeters we use simulated annealing for optimizing the cost
equation (ODE) investigated in[12] one can analytically function that we define now.

056210-9
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(@ (®) ©

FIG. 15. The cost functioK
in dependence of the feedback pa-
rametersk, andk, atr=2.5. The
function is gray coded; light gray
L \ ro2 [ r refers to high costs and dark gray
. to small costs. Ina) SY/S)~4.2,
0 A An 3 A ARaasas A ianans in (b) SY/S)~0.85, and in(c)

3 D - 0 1 0 1 2 3 4 0 1 2 3 4 52/88%0.35. The dotted lines re-
flect the relation k,S)=—k,S)
x 5 x [see Eq(16)] that is deduced con-
sidering the stability direction of

_:I the fixed point.

0.0 0.1 0.2 0.3 0.4

cost K

A. Definition of a cost function the fixed point. The stable direction is approximately given

: : 0yt

Our cost functionk depends on the fluctuations of both PY the fixed-point yector$2 S
infrared intensitiesS, and S,. This is in contrast to other _ Now, for choosing the parameters of the feedback loop
measures of the control performances as, e.g., us¢d]jn the idea is not to disturb the laser system in its stable sub-

where the averaged applied control sigip) is used as SPace as the system there is already_well t_)ehaving and in_the
quality measure. As a simple ansatz the functikg worst case one could even destabilize this stable behavior.

= Jvar(S) +var(S,) could be used. Here we prefer a more Therefore we choose to feed back only the component of

o D = O
problem-adapted cost function that takes into account th&9Sx»9Sy)" whose projection on the stable direction is zero.

following experimental observation. Just before suitable!NiS component can be calculated using the venfor

feedback parameters have been found the shape of the laser

trajectory in theS,-S, plane is similar to a circle. If this is n= ;(_SS ’Sg)tr'
the case usually the feedback paramekgrsk, have only to V(S)H+(S)?

be changed a little to achieve the stabilization of the fixed

point. So we have to quantify both the amplitude of the dewwhich is orthogonal to our idealized stable direction
viation from the steady-state solution and the discrepanc¥§,58)tr in the 6S,- &S, plane.

from a circle. To this end, we calculate the two-dimensional So, the feedback contré®) results in

distance(radiug

R =V[S(H)—(S91*+[S,() (S Sp(t)=kn"8S(t) =

(14)

k 0 <0 ( 5Sx(t))
/(82)2+(53)2( Sy'sx) 5Sy(t) ’
from the estimated steady states().(S,))~(S{.S)). Now, (15)
the averaged radiuR}) is a measure of the amplitude of the
deviation and the discrepancy from a circle can be characteithis equation now depends only on a single paramkter
ized by the standard deviation v&)*2. Hence, we use the Comparing it to Eq(2) one finds that the parametecs and
normalized sum ky, obey the relation

_(Ry+varR)*?

(S)+(Sy) L
As can be seen the two intensiti8g and S, have to be fed
as cost functiorK that is normalized to the averaged total back with opposite signs to the pump current. The experi-
infrared intensity(S,)+(S,). mental observations show that in almost all cases the cou-
pling parameter of the smaller intensity has to be positive.
Therefore for82>$ we choose positive in Eq.(15). Start-
ing with k=0 we increase till we find a minimum of the
The investigation of the stability directions of the fixed cost funtion withK<1. With this procedure we can find a
point in Sec. IV showed that the projection of its stable andregion in thek plane with small costs and thus good perfor-
unstable subspace in théS,-6S, plane is quasi-one- mance of the feedback control. This can be seen in Fig. 15.
dimensional. In this idealization the unstable direction isThe dotted lines reflect the relatigh6). Furthermore, Figs.
given by the vector (% 1) independent of the angle of  15(@) and 15c) reveal that the lines are not located in the

0_ |, <0
13 keS0=—k,S0. (16)

B. Taking the stability directon into account

056210-10
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center of the stabilizing region. Furthermore, the negdtive 5 [
value[k, in Fig. 15a) andk, in Fig. 15c)] should be chosen e
a bit larger. = 10F

As a whole there are extended regions in kf@ane that % &
lead to a stabilization of a steady state of the laser. Our =
approach using Eq15) achieves stabilization quite well if 0 : : : :
S andSyO are not to similar and therefore is not too close 515 F (b A
to 45°. But we occasionally found also examples where both 6 L f ]
k parameters had to be chosen positive. In these cases the just 5, -
described procedure fails and the search for the appropriate Z 5 1
feedback parameters has to be done by an alternative method § 0
that is described next. .

b ©
. . . » 10}
C. Using simulated annealing § eamae T

This method is used in cases where either (&§) cannot ‘E o P B et
achieve control or the adaptation of the parameters during 0 ' ' ‘ '
control is needed due to the instationarity of the laser. a9 o 728 cop ale g0

Having defined the cost functidf, the simulated anneal- injection current ) [mA]

ing proceeds as follows to find a minimum Bf Starting

with the parametersk((,ky) used in the feedback loop, suc- FIG. 16. Behavior of the intensit$, increasing the injection
cessively new parameter&,(new:Ky new are chosen at ran- current fromp,=770 mA top,=820 mA. In(a) and(b) the inten-
dom in the vicinity of ,ky) and plugged into the feedback sity fluctuation and the _blfurcgtlons dlagram for the uncon_trolled
loop. Let the cost function before the modification Kgy, system are shown. The intensity fluctuation after each tracking step

and after the exchangé,.,,. The modification will be ac- 2are shown in subfiguréc).

ce_zpte_d if_it yields a Iower_value for Fhe cost function, other- . 4 tracking process has been applied also to a frequency
wise it will be changed with probability doubled Nd:YAG lasef8] in order to extend the range of
— _ — _ stability of the steady state.
p=exp(—AK/T), AK=Knew~Koia- Having the simulated annealing optimization of the cost
function at hand we are able to implement a robust tracking
The new parameter{ ew,Ky new are then used as starting process in our laser system. Each time the injection current is
parameters for the next modification. If the modification isjncreased by a small amount we start the simulated annea”ng
rejected the procedure is repeated using a different pair dptimization in order to find better feedback paramesgr
parameters chosen in the vicinity of the unchanged paramandk, . Note that the position of the fixed points is automati-
eters Ky,ky). This updating scheme was proposed by Me-cally adapted by using Eq3). Furthermore, in contrast to
tropoliset al.[21] to keep a system in equilibrium at a given the tracking process i24,8] where the control signal is used
temperaturel. For minimization of the cost functioK, the 35 a measure for the control performance, we use here the
temperaturdl is lowered slowly{22]. Here we use a cooling  cost function(13) based on the intensitie% andsS, . Doing
scheme as proposed for examplg23]. The temperaturd  so we achieve keeping the system stabilized.
is lowered by a constant facter<1 to oT after N consid- To demonstrate the feasibility of our tracking process we
ered modifications or afteN,.. accepted updates. Slower show in Fig. 16 the range of the intensity fluctuationsSpf
cooling in general leads to better minimization Kfat the  as function of the injection currep, without control(a) and
expense of time. with activated contro(c). For smallp, no fluctuations occur.
The system is stable without feedback control. To distinguish
between the periodic and chaotic fluctuations of the uncon-
. . S ] trolled system for largemp, we show in Fig. 1€b) the
The simulated annealing optimization is designed tomaximas, ., of an intensity time series recorded for each
handle small changes of the dynamics of the laser durinﬁhjection c'urrentpo=770,770.1. .. 820. In Fig. 16c) we
control. Such a change is usually the result of the instationgecorded the intensity range after each optimization process
arity of the system. However, such changes can also be gefyat started just after the injection current was increased by 1
erated by increasing the injection current by a small amounty,a |n comparison to Fig. 18) the range of the fluctuations

Maintaining the stabilization while changing a system pa-cou1d be reduced significantly by this tracking process.
rameter is the main idea of the tracking procedure of

Schwartz and Triandaf24]. They propose to stabilize an
unstable fixed point and then to slowly alter a system param-
eter while adjusting the parameters of the feedback control We have demonstrated the successful stabilization of un-
such that the fixed point stays stabilized over the wholestable fixed points of an intracavity frequency doubled
tracking process. The feasibility of the tracking idea has beetNd:YAG laser. We use a time-continuous linear feedback
demonstrated in different experiments. Using the OPF coneontrol with the two input variableS, andS, fed back to the

D. Tracking the unstable fixed point

VI. SUMMARY AND CONCLUSIONS
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injection current of the pump diode. In contrast to precedingn the feedback loop. In addition, we also implemented a
work we were able to stabilize the so called type Il chaossimulated annealing optimization of a cost function, based on
where laser modes in both polarization eigendirections aréhe intensitiesS, and S, themselves as input. We applied a
present. tracking process to the laser and could so extend the stability

As main part of the paper we investigated carefully therange of the steady state.
stability properties of the unstable fixed points that we were All in all, we found that our stabilization worked only for
able to stabilize. We found that the properties of the unstablémall pump rates<4. We explain this by the following two
fixed points could well be described in t8g-S, plane. First ~ facts. First, the dead time of the DSP controller used to apply
of all, the location of the unstable fixed points in t8g S, the feedback in our experiment has a bad influence on the
p|ane can S|mp|y be approximated by the averaged intensﬁ.tablllza.tlon per_formance, partlculgry for the more Unstable
ties(S,) and(S,) of the uncontrolled system. The projection fixed points at high pump rates. This effect can by minimized
of the unstable subspace in ti%-S, plane is quasi-one- py bqlld|ng the cqntroller using analog devices. Seco.nd, the
dimensional and in good approximation independent of thdnjection current is a bad control parameter as it shifts the
position of the fixed point. Its direction is close to the direc-fixed point almost parallel to its stable direction. Thus the
tion where the total intensit,=S,+S, is constant. The bad performance of the co_n'_trol is an mher_ent problem of a
projection of the stable subspace is quasi-one-dimensionéfFedbaCk contr_ol when the injection current is u_sed as control
too and can be approximated by the angleetween thes, parameter. This cannot be removed by _changmg the control
axis and the fixed point in th&,-S, plane. We also found formula. In the future, one should look instead for a better
that the influence of the injection current on the fixed pointscontrol parameter.
is nearly parallel to the stable direction.

The characterization of the properties of the stabilized

fixed points leads to a good understanding of the control A.S. would like to thank Professor W. Lauterborn and the
performance. The intensitieS, and S, are good measure- nonlinear dynamics group at the Third Physical Institute for
ment quantities for the control, independent of the controkheir support and stimulating discussions during his stay in
strategy. In contrast, the total infrared intens8y; is not  Gaitingen. We thank R. Pitka for his collaboration at the
suited for control as fluctuations in the unstable subspace d&art of the lab experiment. We acknowledge instructive dis-
not significantly change this intensity. Similarly, the greencussions with H. Halldorsson and R. Mehnert on different
intensity G is also not suited for control. Particularly, when aspects of laser technology. We thank A. Kittel, F. Lange, T.
both intensitiessff andeyJ of the fixed point are of the same Letz, and J. Parisi for fruitful collaboration. The present
order the unstable direction can hardly be observed using work was financially supported by thBundesministerium

Our investigations could be exploited to improve the pro-fur Bildung, Wissenschaft und Technolog@MBF) under
cess of finding appropriate proportionality factégsandk, Contract No. 13N7037/8.
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